ON CRITICAL HEEGAARD SPLITTINGS OF TUNNEL 
NUMBER TWO COMPOSITE KNOT EXTERIORS 
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Abstract. In this article, we prove that a tunnel number two knot induces a 
critical Heegaard splitting in its exterior if there are two weak reducing pairs 
such that each weak reducing pair contains the cocore disk of each tunnel. 
Moreover, we prove that a connected sum of two 2-bridge knots or more gen- 
erally that of two (l,l)-knots can induce a critical Heegaard splitting in its 
exterior as the examples of the main theorem. Finally, we give an equivalent 
condition for a weak reducing pair to be determined by a compressing disk 
uniquely when the manifold is closed, irreducible and the Heegaard splitting 
is of genus three and unstabilized. 



1. Introduction and result 

Throughout this paper, all surfaces and 3-manifolds will be taken to be compact 
and orientable. In [1 j, Bachman introduced the concept 11 critical surfaces" and he 
proved several theorems about incompressible surfaces, the number of Heegaard 
splittings with respect to its genus, and the minimal genus common stabilization. 
Since a critical surface has disjoint compressions on it's both sides, if the surface is 
a Heegaard surface, then the splitting is weakly reducible, i.e. a critical Heegaard 
splitting is a kind of weakly reducible splitting. But in some aspects, it shares com- 
mon properties with strongly irreducible splittings. For example, if the splitting is 
strongly irreducible or critical, then the manifold is irreducible (Lemma 3.5 of [2].) 
Indeed, the intersection of an incompressible surface S and a Heegaard surface F 
can be isotoped essential on both S and F if the splitting is critical or strongly 
irreducible (see Theorem 5.1 of [I] and Lemma 6 of [2].) Bachman also proved 
Gordon's conjecture by using the series of generalized Heegaard splittings and crit- 
ical Heegaard splittings (see |2J.) In his recent work [3], he also introduced the 
concept "topologically minimal surfaces ", where a strongly irreducible surface is an 
index 1 topological minimal surface, and a critical surface is an index 2 topological 
minimal surface, this is a way to regard strongly irreducible surfaces and critical 
surfaces in a unified viewpoint. 

Although critical Heegaard splittings have many powerful properties as proved 
in Bachman's recent works, it is not easy to determine whether a weakly reducible 
splitting is critical. In [BJ, the author found a condition for an unstabilized, genus 
three Heegaard splitting of an irreducible manifold to be critical by analysing the 
subcomplex of the disk complex for a Heegaard surface spanned by the disks where 
each disk among them can be contained in some weak reducing pair. 

In this article, we prove the following theorem by using the method of [BJ. 
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Theorem 1.1. (the Main Theorem) Suppose that M is an orientable, irreducible 
3-manifold and H = [V, W; F) is a genus three, unstabilized Heegaard splitting of 
M . Suppose that there exist two weak reducing pairs (Do, Eq) and (D\, E±). If both 
Do and D\ are non- separating in V and one is not isotopic to the other in V , then 
H is critical. 

As a direct application of the Main Theorem, we get the following corollary. 

Corollary 1.2. Suppose that K is a tunnel number two knot and {t\, £2} be a tunnel 
system of K. Let H = (V,W;F) be the induced Heegaard splitting of the exterior 
of K by this tunnel system. If there are weak reducing pairs (D ,E ) and (Di,Ex) 
such that D and Di come from the cocores ofN(ti) and JV(i 2 ) respectively, then H 
is critical. Moreover, every incompressible surface S in the exterior can be isotoped 
so that the intersection S D F is essential in both S and F. 

In Appendix [XJ we prove the following theorem. 

Theorem A.l. Suppose F is an unstabilized, genus three Heegaard surface in 
a closed, orientable, irreducible 3-manifold. Then either F is the amalgamation of 
two genus 2 Heegaard surfaces over a torus, or every compressing disk for F belongs 
to at most one weak reducing pair. 

In Section[2j we introduce basic definitions and properties about the disk complex 
and ll n-compatible weak reducing pairs" and prove Theorem 1 1 . 1 1 and Corollary 1 1.2 1 
In Section [3j we prove a connected sum of two 2-bridge knots induces a critical 
Heegaard splitting in its exterior by using the Lustig and Moriah's result in [7] . In 
Section |4j more generally, we prove a connected sum of two (1, l)-knots induces a 
critical Heegaard splitting in its exterior by using the Moriah's result in [8] . Finally, 
we induce an equivalent condition for a weak reducing pair to be determined by a 
compressing disk when the manifold is closed in Appendix |A"| 

2. The disk complex and the proof of the Main Theorem 

Definition 2.1. Let F be a surface in a compact, orientable 3-manifold M. Then 
the disk complex T)(F) is defined as follows: 

(1) Vertices of T>(F) are isotopy classes of compressing disks for F. 

(2) A set of m + 1 vertices forms an m-simplex if there are representatives for 
each that are pairwise disjoint. 

Now we consider F as a Heegaard surface of the splitting M — (V,W;F). Let 
T>v{F) and T>w(F) be the subcomplexes of V(F) spanned by compressing disks 
in V and W respectively. We call these complex "the disk complexes of V and 
W" . McCullough proved that the disk complex of a non-trivial, non-punctured 
(i.e. with no boundary components homeomorphic to 2-sphere) compression body 
is contractible (see [9].) 

Let T>vw{F) be the subcomplex of T)(F) spanned by the simplices that have at 
least one vertex in V, and at least one vertex in W. In this article, we will use 
letter "D" to denote compressing disks in V and "E" to denote those in W. 

Definition 2.2. Let {Do, Eq), • • • , (D n , E n ) be weak reducing pairs of a Heegaard 
splitting H = (V, W;F). Suppose that one of the following conditions holds for 
every choice of (Di, Ei) and (Dj,Ej) (0 < i ^ j < n). 
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(1) Di is isotopic to Dj in V, E{ n Ej = 0, and Ei is not isotopic to Ej in W. 

(2) Ei is isotopic to Ej in W, Di n -Dj = 0, and Di is not isotopic to Dj in 

Then we call these weak reducing pairs n-compatible weak reducing pairs. Q This 
means that 

(1) exactly one compressing disk for a weak reducing pair among them belongs 
to each of the other n-weak reducing pairs (the choice of "exactly one com- 
pressing disk" depends on the choice of the corresponding weak reducing 
pair among the other weak reducing pairs), and 

(2) we can draw all compressing disks coming from these (n+ l)-weak reducing 
pairs without intersections in M up to isotopy. 

We define a 0-compatible weak reducing pair as a single weak reducing pair. Ob- 
viously, if there are n-compatible weak reducing pairs, then any choice of fc-weak 
reducing pairs among them gives (k — Incompatible weak reducing pairs for all 
1 < k < n + 1. 

By the next lemma, we can identify n-compatible weak reducing pairs as a certain 
kind of (n + l)-subsimplex in Vyw 

Lemma 2.3 (Lemma 2.6 of [6 a ). Suppose that there are n-compatible weak reducing 
pairs. Then these (n + \)-weak reducing pairs have the form (a) (D ,E), ■■■ , 
(D n ,E) or (b) (D,Eq), •■■ , (D,E n ). Therefore, we get an (n + 1)- sub simplex from 
a connected component in T>vw{F) such that one vertex comes from T>w{F) and 
the other (n + \)-vertices come from T>y(F) or vise versa. Conversely, we can 
identify such (n + l)-subsimplex in T>vw as n-compatible weak reducing pairs. 

Definition 2.4 (Definition 3.3 of [2]). Let F be a surface in some 3-manifold which 
is compressible to both sides. The surface F is critical if the set of all compressing 
disks for F can be partitioned into subsets Co and C\ such that the following hold. 

(1) For each i = 0, 1 there is at least one weak reducing pair (Di,Ei), where 
A, Ei • C. 

(2) If D £ Ci and E £ Cj, then (D,E) is not a weak reducing pair for i ^ j. 

Bachman also introduced the concept of topologically minimal surfaces in [3] as 
follows. 

Definition 2.5 (Definition 1.1 of [3]). The homotopy index of a complex T is 
defined to be if T — 0, and the smallest n such that 7r„_i(r) is non-trivial, 
otherwise. We say a surface F is topologically minimal if its disk complex T>{F) 
is either empty or non-contractible. When F is topologically minimal, we say its 
topological index is the homotopy index of T>(F). 

The next lemma gives a connection between critical surfaces and their topological 
indices. 

Proposition 2.6 (Theorem 2.5 of A surface in a compact, orientable 3- 
manifold has topological index 2 if and only if it is critical. 

Therefore, if a surface F is critical, then we can triangulate a 1-sphere S so that 
there exists a simplicial map i : S — > T>(F) and its image is non-trivial in T>{F). 



^An n-simplex of WR. in [6] is exactly the same as n-compatible weak reducing pairs in this 
article. 



4 



JUNGSOO KIM 



Definition 2.7. Suppose that (Di,Ei) and {D 2 , E 2 ) are 1-compatible weak reduc- 
ing pairs and / be the 2-subsimplex in T>vw determined by these three compressing 
disks. Let us label / "D" ("E" resp.) if E 1 = E 2 (Di = D 2 resp.) and call / a 
D-face (an E-face resp.) From now on, we will identify 1-compatible weak reducing 
pairs as a 2-subsimplex in T>vw(F) determined by three compressing disks such 
that one of them comes from one side of F and the others come from the other 
side of F. Moreover, we will say that two weak reducing pairs (D, E) and (£>', E') 
are weakly compatible if both weak reducing pairs are the same or there is a finite 
sequence of 2-subsimplices Ao, • • • , A m in T>vw such that 

(1) (D, E) C A and {D',E') C A m , 

(2) each Aj is a D- or an E-face, and 

(3) Aj and Aj+i share a weak reducing pair for < i < m — 1. 

In section 8 of [2], Bachman considered a sequence of compressing disks 

D = D Q -E = E -D 1 -E 1 D' = D m -E' = E m , 

where (a) Dj = D i+ i or Di n A+i = and (b) Ei = E i+ \ or Ei H E i+ \ = for each 
< i < m — 1 and both (Di,Ei) for < i < m and (-Dj+i, Ei) for < i < m — 1 
are weak reducing pairs. He defined the distance between two weak reducing pairs 
(D,E) and (D',E') using the minimal length of this sequence. If there is no such 
sequence between them, the distance is defined as 00. 

In Lemma 8.4 of [2J, the distance of two different weak reducing pairs is finite 
when (D, E) shares a compressing disk with (£)', E'). In particular, we can assume 
that Di 7^ -Dj+i or Ei 7^ £Jj+i for some < i < m — lin this case, i.e. we can find 
the 1-compatible weak reducing pairs (Di,Ei) and (Di + i, E{), or (.Dj+i, and 
(D i+ i, E i+ i) for some i respectively. 

Hence we get the next lemma immediately. 

Lemma 2.8 (Lemma 8.4 of [5J). Suppose F is an embedded surface in a 3-manifold. 
If there are different weak reducing pairs such that one shares a compressing disk 
with the other, then we can choose l-compatible weak reducing pairs for F. 

The next proposition gives a connection between a critical surface and the exis- 
tence of two non- weakly compatible weak reducing pairs. 

Proposition 2.9 (Proposition 2.3 of [6]). If there are two weak reducing pairs 
(D,E) and {D',E') such that they are not weakly compatible, then the surface is 
critical. 

Note that this proposition is equivalent to Lemma 8.5 of [2]. 

Let D C V, E C W be compressing disks, where 3D and dE intersect trans- 
versely in a single point. Such a pair of disks is called a canceling pair of disks for 
the splitting. If there is a canceling pair, then we call the splitting stabilized. 

In the next part of this section, we introduce another properties of m-compatiblc 
weak reducing pairs when M is irreducible and the Heegaard splitting H is unsta- 
bilized and of genus three. 

Since the only irreducible 3-manifold which has a boundary component isomor- 
phic to a 2-sphere is B 3 and a Heegaard splitting of genus three of B 3 is stabilized 
by using Waldhausen's Theorem (see [T5] ) , we do not consider B 3 and assume that 
a boundary component of M is not homeomorphic to a 2-sphere. 

The following lemma gives the maximal number n for choosing n-compatiblc 
weak reducing pairs if the manifold is irreducible and the splitting is unstabilized 
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8D dD 1 0D a M>i 

Figure 1 . Two examples of 1-compatible weak reducing pairs 



and of genus three, and describes how the boundary curves for the disks of 1- 
compatible weak reducing pairs behave. 



Lemma 2.10 (Lemma 3.2 and Corollary 3.3 
reducible 3-manifold and H = (V, W; F) is a 
splitting of M . Then we can choose at most 
Moreover, if (Do,E) and (D\,E) are 1-compat 
is separating and dDi is non-separating in F, 
pants from F. In addition, if F C F is obtained 
component of F — 8D by removing dE, then F 
V other than those parallel to Do . 



of [5]). Suppose that M is an ir- 
genus three, unstabilized Heegaard 
1-compatible weak reducing pairs, 
ible weak reducing pairs, then 8Dq 
and dD U dDi cuts off a pair of 
from the once-punctured genus two 
does not have compressing disks in 



If there are 1-compatible weak reducing pairs, then we can imagine the situations 
as in Figure [I] (The left one is when dE is non-separating and the right one is 
when dE is separating in F.) 

The next proposition is the immediate corollary of Lemma |2.10| 

Proposition 2.11. Suppose that M is an irreducible 3-manifold and H = (V, W; F) 

is a genus three, unstabilized Heegaard splitting of M . If F is topologically minimal, 
then the topological index of F is at most four. 

Proof. If F has topological index n, then ir n -i(T>(F)) is non-trivial, and thus there 
is a continuous map i : S — > D{F) which is not homotopic to a point, where S is an 
(n — l)-sphere. Triangulate S so that the map i is simplicial. Then we can say that 
i(S) is a finite union of (n — l)-cells embedded in T>(F). Since T>y(F) and T>w(F) 
are contractible but i(S) is not contractible in T>(F), there must be an (n — 1)- 
cell A spanned by vertices in T>y and T>\y among them. Let the vertices of A be 
{Do, - ■ ■ , Dk, Ek+i, ■ ■ ■ E n -i}, where < k < n — 2. If k > 2, then we can choose 
2-compatible weak reducing pairs (Do, Ek+i), [D±, Ek+i), and (Z?2, -Efc+i), which 
contradicts Lemma 2.10 Therefore, we get k < 1. Similarly, if (n — 1) — (k + 1) = 
n — k — 2 > 2, then we can choose 2-compatible weak reducing pairs (Dfc, Ek+i), 
(-D&, -Efc+2), and (D^, Ek+3), i.e. a contradiction. Hence, we get n — k < 3. This 
means that dim(A) < 3, and we can describe A as {Do, D\, E2, E3} if A is of 
dimension three by Lemma [2.10| □ 

Lemma 2.12 (Lemma 3.4 of [5]). Assume M, H , and F as in Lemma 2.1(\ If 
there are two adjacent D- faces f\ and fi in T>vw such that f\ is determined by Do, 
D\, and E, and $2 is determined by D\, D2, and E, then dD\ is non-separating, 
and dDo, <9L>2 are separating in F. 



Definition 2.13. Let us consider a 1-dimensional graph as follows. 
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Figure 2. An example of a D-cluster in Vyw- (Dq,E) is the 
center and the other weak reducing pairs are hands. 



(1) We assign a vertex to each D-face. 

(2) If a D-face shares a weak reducing pair with another D-face, then we assign 
an edge between these two vertices in this graph. 

We call this graph "the D- graph" . If there is a maximal subset T> of D-faces in 
Vyw representing a connected component of the D-graph and the component is 
not an isolated vertex, then we call T> "a D - cluster" . Similarly, we define "the 
E-graph" and "an E-cluster" for E-faces. In a D-cluster (an E-cluster resp.), every 
weak reducing pair gives the common i?-disk (Z?-disk resp.). 

We can immediately get the next lemma about a D- or an E-cluster from Lemma 

mm 

Lemma 2.14 (Lemma 3.6 of [B]). There is only one unique weak reducing pair in 
a D-cluster which can belong to two or more faces in the D-cluster. 

Definition 2.15. By Lemma [2.14[ there is a unique weak reducing pair in a D- 
cluster (an E-cluster resp.) adjacent to two or more faces in the cluster. We call it 
"the center of a D-cluster (an E-cluster resp.)". We call the other weak reducing 
pairs "hands of a D-cluster (an E-cluster resp.)." See Figure [2j Note that if a 
D-face / representing the 1-compatible weak reducing pairs (Do,E) and (Di,E) 
is contained in a D-cluster, then one of (Dq,E) and (Di,E) is the center and the 
other is a hand. Lemma [2.121 means that the D-disk from the center of a D-cluster 
is non-separating, and the D-disks from hands are all separating. 



Lemma 2.16 (Lemma 3.8 of 6J). Assume M, H , and F as in Lemma 2.10 Every 
D-face belongs to some D-cluster. Moreover, every D-cluster has infinitely many 
hands. 



Lemma 2.17. Assume M, H, and F as in Lemma 2.10 Suppose that (D ,E) 
and (Di,E) are 1-compatible weak reducing pairs. Let Dq be the separating one 
and D\ be the non-separating one in V . Then we get the following results. 

(1) Dq is a band sum of two parallel copies of D\ in V . 

(2) D\ is uniquely determined by Dq, i.e. the D-disk of the center of the D- 
cluster is determined by the D-disk of a hand of this cluster. 

Proof. By Lemma [2~Tu] dD Q U dD x cuts off a pair of pants P from F. If we thicken 
Di in V slightly, then we can get two parallel copies D[ and D'( in V from the 
boundary of the ball obtained by thickening D\. If we isotope P so that the two 
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boundary circles of P which come from dD\ coincide with dD[ and dD'{, then the 
disk PUP^UP" is isotopic to D in V. (Since a compression body is irreducible, the 
sphere Dq U (PU D[ U D'{) must bound a 3-ball in V.) Moreover, if we deformation 
retract P into a shape of a pair of handcuffs (i.e. it seems like O-O) where two 
rings come from dD[ and dD", then the wire connecting two rings corresponds to 
the arc realizing the band sum of D[ and D". This completes the proof of 0. 
Take V' from the components obtained by cutting V along D such that F' = 



dV H dV is a once-punctured torus. By Lemma 2.10 ODq U dD\ cuts off a pair of 
pants P from F, i.e. dD\ belongs to F' . Since we can compress V along D\ and V 
does not have any 5 2 -component in its minus boundary, V must be a solid torus 
and D\ is a meridian disk of V', i.e. D\ is uniquely determined up to isotopy. This 
complete the proof of ([2]). □ 

If we generalize the idea of Lemma |2.17[ then we get the following lemma. 



Lemma 2.18 (the Key Lemma). Assume M , H , andF as in Lemma 2.10 Suppose 
that there are two different weak reducing pairs (Dq,Eq) and (D',E'), both weak 
reducing pairs are weakly compatible, and Eq is non- separating in W . Then E' 
must be (a) isotopic to Eq if it is non-separating or (b) a band sum of two parallel 
copies of Eq if it is separating in W . 

Proof. Let A — • • • — A m be the sequence of 2-subsimplices in T>vw{F) realizing 
the relation of two weak reducing pairs and assume that m is such smallest integer. 
Simplify this sequence as the sequence P = Pq — Pi — • • • — P n (n < m), where 
each Pi is a sequence of only D-faces or only E-faces and assume that if Pj consists 
of only D-faces, then P^_i and Pj+i consists of only E-faces, or vise versa. Note 
that this sequence is ultimately the sequence of weak reducing pairs as well as 2- 
subsimplices in T>vw- Assume that {Dq, Eq) is the initial weak reducing pair of Pq 
and (D' , E') is the terminal weak reducing pair of P„. 

By Lemma |2.16 each Aj is contained in a D- or an E-cluster for < i < to, 
and so is each Pj for < i < n. Here, if P& is contained in a D-cluster, then Pk+i 
is contained in a E-cluster for < k < n — 1, or vise versa. Moreover, since P 
consists of minimal number of 2-subsimplices in T>yw{F) from (P , Eq) to (P/, E') 
so that adjacent 2-subsimplices in P share a weak reducing pair, the number of D- 
or E-faces in each Pj, say |Pj|, must be one or two (see Figure [2j) If the sequence 

Aq ■ — A m consists of only D-faces, then E' = Eq, i.e. the proof ends. Therefore, 

we assume that there exists at least one E-face in the sequence. 

Suppose that some Pj is contained in an E-cluster. If |Pj| = 1, then one E-disk 
for Pj is non-separating in W (corresponding to the center of this E-cluster) and 
the other P-disk is separating in W (corresponding to a hand of the E-clustcr.) by 



Lemma 2.10 In this case, the separating E-disk of Pj is a band sum of two parallel 



copies of the non-separating one by Lemma 2.17 If |Pj| — 2, then the initial 
weak reducing pair of Pj (the nearest weak reducing pair of Pj from (Dq,Eq)) 
and terminal weak reducing pair of Pj (the farthest weak reducing pair of Pj from 
(P/0; Po)) correspond to some hands of the E-cluster, i.e. the E-disks for both weak 
reducing pairs are separating in W. In this case, the E-disks of the initial weak 
reducing pair and the terminal weak reducing pair of Pj are band sums of two 
parallel copies of the E-disk of the center of this E-cluster by Lemma |2.17[ 

Suppose that Pj is the first Pj contained in some E-cluster. Let the E-disk of 
the initial weak reducing pair of P io be E' and that of the terminal weak reducing 
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pair of Pi be Eq . If E' ^ Eq, then some E-face must precede Pi in the sequence. 



But this means that there is another Pj contained in some E-cluster by Lemma 2.16 
for some j < iq, which contradicts the choice of P, . Therefore, E' = Eq. Since 
Eq is non-separating in W , we get |Pj | = 1 and E' ' is a band sum of two parallel 
copies of Eq from the observation of the previous paragraph. 

Now we will use an induction argument. Suppose that the lemma holds for the 
path P n i = P — Pi — ■ ■ ■ — P n . (0 < rij < n) where P" J contains at least one 
Pi for < I < rij which belongs to an E-cluster. (The subsequence P J of P for 
every < j < n must be of minimal length in the sense of connecting the initial 
and terminal weak reducing pairs of P J , otherwise the assumption of the original 
sequence cannot hold.) 

Let rij+i be the smallest integer such that some P a C P n i+ 1 belongs to an E- 
cluster for rij < a < n. Let E' a be the E-disk of the initial weak reducing pair of 
P a and E^ be that of the terminal weak reducing pair of P a . Since E' a comes from 
the last i?-disk of P Uj , the induction hypothesis forces E' a to be isotopic to Eq in 
W (if it is non-separating in W) or a band sum of two parallel copies of Eq (if it is 
separating in W .) 

Consider the case \P a \ = 1. If E' a is isotopic to E , then E'^ must be a band-sum 
of two parallel copies of Eq by Lemma 2.17 If E' a is isotopic to a band sum of two 
parallel copies of Eq, then E'^ is non-separating in W, i.e. E^ is the E-disk of the 
center of the E-cluster containing P a . But Lemma 2.17 forces E'^ to be determined 
uniquely by E' a . Moreover, since E' a comes from the last E-disk of P 7lj , E'^ must 
be the same as the E-disk of the center of the directly previous E-cluster. That is, 
E'^ is isotopic to Eq. 

Consider the case \P a \ = 2. Let ft be the largest integer such that Pp is contained 
in some E-cluster and Pp H P nj ^ 0. 

Let Ep be the E-disk of the terminal weak reducing pair of Pp and Ep is the 
E-disk of the center of the E-cluster containing Pp. Then we get Ep = E' a by the 
choice of a and f3. Therefore, Ep is separating in W, i.e. Ep is a band sum of two 
parallel copies of Ep. But the induction hypothesis forces Ep to be isotopic to Eq. 
Since the -E-disk of the center of the E-cluster for P a is determined uniquely up 



to isotopy by E' a — Ep by Lemma 2.17 the E-disk of the center of the E-cluster 
containing P a is also isotopic to Ep = Eq. Therefore, we conclude that E'^ is also 
a band sum of two parallel copies of Eq by Lemma [2.17| This completes the proof 
of the induction argument. 

Since E' is the same as the E-disk of terminal weak reducing pair of P nj for the 
largest rij, this completes the proof. □ 



Now we give the proof of Theorem 1.1 Let -Do, -E'0) D±, and E\ be the disks in 



the assumption of Theorem |1.1| Lemma 2.18 means that (Dq,Eq) and (D%, E\) are 



not weakly compatible. Therefore, if we use Proposition |2.9[ then the proof ends 



Now we give the proof of Corollary |1.2| Since the tunnel number is two and the 
genus of the splitting is three, the splitting is unstabilized. Let V be the compression 
body which meets the boundary of the knot exterior. Since Dq and D\ come from 
the cocores of N(t\) and Nfa), they are non-separating in V . Obviously, they are 
not isotopic in V. Therefore, the splitting is critical by Theorem |1.1| The last 
statement is obtained directly from Theorem 5.1 of pQ. This completes the proof. 
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Figure 3. a 2n-plat diagram of A'. (This is Fig 2 of [7].) 

Note that the definition of "critical surface" of [2 is significantly simpler and 
slightly weaker, than the one given in [1 . In other words, anything that was 
considered critical in pQ is considered critical here as well. 



3. A CONNECTED SUM OF TWO 2-BRIDGE KNOTS INDUCES A CRITICAL 
HEEGAARD SPLITTING OF ITS EXTERIOR 

Definition 3.1 (See Section 2 of j7j). Let A be a knot in S 3 . A 2n-plat projec- 
tion (see [1]) gives rise to two canonical Heegaard splittings of S 3 — N(K) obtained 
as follows: Consider first the system of arcs p\, • • • , p n -i which connect adjacent 
bottom bridges of A (the bottom tunnels) as indicated Figure [3] One defines the 
compression body V to be the union of a collar of dN(K) and a regular neighbor- 
hood of pi, • • • , Pn-i- The handlebody W is the complement of V in S 3 — N(K). 
The other Heegaard splitting is defined analogously by using the top tunnel system 
Ti, • • • , T n _i. 



Definition 3.2 (Definition 2.1 of [7J). 

(1) A 2n-braid will be called wide if in its standard projection (i.e. every 
crossing is replaced by a node) there is no monotonically descending path 
connecting the top of the second strand to the bottom of the (2n — l)st, or 
vice versa. 

(2) A 2n-plat projection of a knot or link will be called wide if the underlying 
2n-braid is wide. 

(3) A knot or link A C S 3 will be called wide if it has a wide 2n-plat projection 
so that the corresponding canonical Heegaard splittings are irreducible. 

Let K\ and A 2 be two 2-bridge knots. Consider two standard diagrams of K\ 
and A 2 where the diagram of K x has mi 2-braids and that of A 2 has m 2 2-braids. 
Let m — max(m 1 ,m 2 ). We can assume that both diagrams have m 2-braids in a 
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Figure 4. the connected sum of K\ and K2 




Figure 5. the 6-plat projection of K 1 #K 2 

formal sense if we add trivial braids to the shorter diagram. Isotope two diagrams 
so that these diagrams are depicted with respect to the same hight function. In 
particular, we can assume that the fourth strand of K\ is a vertical path in its 
projection and so is the first strand of K 2 . If we connect the forth strand of Ki 
and the first strand of K2 as in Figure [4j then we get a connected sum K\^Ki. 

Moreover, if we isotope it as in Figure HJ then we get a 6-plat projection of 
K\^K.2- Note that a.k.2 = for even k in this 6-plat projection. 

Let T be the boundary of the exterior of K\ #-^2 • If we consider two lower tunnels 
pi and P2 for K\ and K 2 respectively, then N(TU piU p 2 ) gives a compression body 
V and its complement gives a handlebody W, i.e. {pi,P2} gives a tunnel system 
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w 





02,1 




X 




02,3 



03,1 fl 3,2 




Figure 6. the tunnel system of K\^Ki and the induced Heegaard 
splitting of the exterior 



of Ki#K%. Hence, we get a Heegaard splitting of the exterior of Ki#K 2 - We call 
this splitting the Heegaard splitting of the exterior of ' K\f^K 2 induced by the lower 
tunnels of K\ and K 2 . Since at-,2 = for even k, it is easy to see that this 6-plat 
projection of K\^K 2 is wide. 

Lemma 3.3. If K\ and K 2 are two-bridge knots, then Ki#K 2 is a wide knot. 

Proof. Since we get a wide 6-plat projection for K\f^K 2l it is sufficient to show 
that two canonical Heegaard splittings from the 6-plat projection are irreducible. 

Suppose that any one of both splittings is stabilized. This means that K\jfK 2 
is tunnel number one knot. But every tunnel number one knot must be prime (see 
[TT] and [13]), this gives a contradiction. Therefore, these Heegaard splittings are 
unstabilized. Moreover, these splitting are irreducible since a reducible splitting 
forces the manifold to be reducible or the splitting to be stabilized (see 3.4.1 of 
[12].) This completes the proof. □ 

If we use Proposition 2.2 of [7], then we get the canonical splittings are weakly 
reducible. The idea of finding weak reducing pairs by Lustig and Moriah is described 
in the proof of the next theorem. 



Theorem 3.4. Let K\ and K 2 be 2-bridge knots. Then the Heegaard splitting of 
the exterior of K\^K 2 induced by the lower tunnels of K\ and K 2 is critical. 
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Proof. First, we will find two weak reducing pairs by using the arguments of the 
proof of Proposition 2.2 of [7]. 

Consider an equatorial 2-sphere S intersecting K\^K 2 just below the top bridges 
and cutting off a 3-ball B with 3 unknotted arcs ii, • • • , t$ as indicated in Figure 
[6] The handlebody W is ambient isotopic to the handlebody W = B — N(Uti), 
and this isotopy h t is given by moving the above equatorial 2-sphere S = ho(S) 
monotonically down the braid to a level h 1 (S) just above the bottom bridges, 
through horizontal 2-spheres. In the 6-plat projection, we can find two essential 
disks E' and E[ in W 1 as Figure [6] Let Dq and D\ be the cocore disks of N(pi) 
and N(p 2 ) respectively and Ei — ^(E^) for i = 0, 1. Each Ei is an essential non- 
separating disk in W for i = 0, 1. Moreover, Di n Ei = for i = 0, 1 since afc ; 2 = 
for even k. Hence, we get the two weak reducing pairs (D ,E ) and (Di,Ex). But 
D and Di are non-separating in V and D is not isotopic to Di in V, this splitting 
is critical by using Corollary |1.2| □ 



4. A CONNECTED SUM OF TWO (1, l)-KNOTS INDUCES A CRITICAL HEEGAARD 

SPLITTINGS OF ITS EXTERIOR 

Definition 4.1. We say that a curve on a hanldebody H is primitive if there is 
an essential disk in the handlebody intersecting the curve in a single point. An 
annulus A on a handlebody H is primitive if its core curve is primitive. Note that 
a curve on a handlebody H is primitive if it represents a primitive element in the 
free group Tr±(H). 

Definition 4.2. (Section 2 of |S]) Let K be a connected sum of two knots K\ 
and K 2 . For a given Heegaard splitting (VijVa) for S 3 — N(K), we will choose a 
decomposing annulus A which intersects the compression body V\ in two spanning 
annuli A*, A 2 and a minimal collection of disks T> = {Di, ••• , Di}. We can 
easily see that if we evacuate one side of A from S 3 — N(K) corresponding to the 
nontrivial tangle of then the remaining part is homeomorphic to E{K\), or 
vise versa. Therefore, we can identify E(Ki) and the corresponding remaining part 
for i = 1,2. When we cut E(K) along A, the Heegaard splitting (Vi,V2) induces 
Heegaard splittings on both E(Ki) and E(K-i) as follows. 

(1) V{ = (Vi n E(Ki)) Uxhj^uA* (N(A) n E(Ki)), where each is a compres- 
sion body for £ = 1,2- 

(2) V2 and V^ 2 are the two components of V 2 — N(A) where each V 2 l is a 
handlebody for i = 1, 2 and n = for i ^ j. 

(3) Therefore, (V?, V§) for i = 1, 2 is a Heegaard splitting of for i = 1,2. 

Note that n = A. 

Conversely, suppose that there is a Heegaard splitting (V^Vj) of E{K{) for 
i = 1,2 and assume that each V/ meets dN(Ki) for i = 1,2. Choose one merid- 
ional annulus in dN(Ki) and another one in dN(K 2 ) and identify both annuli. 
Then we get the exterior of a connected sum of K\ and K 2 as in Figure [7J where 
the decomposing annulus A comes from the identified one. Assume that the attach- 
ing disks for the 1-handles from each tunnel system of Ki realizing the Heegaard 
splitting (Vi, V 2 ) miss N(A) for i = 1,2 up to isotopy, including some handle slides. 
Since the attaching disks miss N(A) — Ax I, we can assume that the A x {0} is a 
subsurface of d + V± and A x {1} is also that of d+V^ . 



ON CRITICAL HEEGAARD SPLITTINGS OF TUNNEL NUMBER TWO COMPOSITE KNOT EXTERIORS 




Figure 7. The decomposition of E(K) into E(K 1 ){J A E{K 2 ) when 
Z> = 0. 

If we remove N(A) from E(Kj), then we get the projection image of the decom- 
posing annulus, say Aj, in the boundary of E(Ki) — N{A). Then, A can be written 

as 

Ai =A* 1 i uA* i uA i , 

where A\ l and AJj' are two spanning annuli in E(Ki) and Ai — int(A* 1 U A| J ) is 
a meridional annulus A 1 in = (J+V^ f° r * = 1, 2 (if we project Aj into A 

conversely, then we can regard it as a meridional one, see Figure [7]) 

If we remove the N(A) part from V{ for i — 1, 2 and glue V] 1 and F] 2 by identi- 
fying AI 1 = AI 2 and A 2 X = A 2 2 , then we get a solid Vi. Also we glue V£ and V^ 2 2 
by identifying A 1 and ^4 2 and get a solid V 2 . V\ is a compression body since V\ is 
obtained from dN(K) x J by adding 1-handles corresponding to the tunnel systems 
of K\ and K 2 . But V 2 is a handlebody if and only if A 1 or A 2 is a primitive annulus 
on V 2 or V 2 2 respectively. In the case that V 2 becomes a handlebody, we will say 
(Vi, V 2 ) is the induced Heegaard splitting of E(K) induced by (Vf, V 2 ) for i = 1, 2 
and we get < + t(K 2 ). Moreover, if the tunnel number of Ki is one for 

each i = 1, 2, then the genus of the induced Heegaard splitting is three. 

Theorem 4.3. Lei and K 2 be tunnel number one knots, K be a connected 
sum of Ki and K 2 , and (VI, V 2 ) be a Heegaard splitting of genus two of E[Ki) for 
i = 1,2. Assume A 1 and A 2 as in the previous arguments. If each A 1 is primitive 
on V 2 for i — 1,2, then the induced Heegaard splitting (Vi,V 2 ) of E(K) is critical. 

Proof. Since each A 1 is primitive on V 2 l for i = 1,2, we can find an essential disk 
E\ C V 2 for i — 1 , 2 such that A 1 n E\ is an essential arc in A 1 . Let us consider two 
parallel copies E[ and E" of E\ as in Figure U The core circle of A 1 is divided by 
dE[ U dE'l into two arcs 7 and 6 such that = 85. If we consider the band sums 
of E[ and E'( along 7 and 5 in V 2 l , then at least one must be an essential separating 
disk in V 2 since g(dV 2 ) = 2. 

Let this band sum be E l (see Figure^}) 
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Figure 8. the bandsum E l 



We can isotope E l in V 2 l so that E % D A = 0. Here, each is an essential 
separating disk in V 2 l for i = 1,2, and so is in V%- (We can check that E 1 and E 2 
cut V2 into three solid tori V 2 , V 2 "j an d ^2") where V2 (Vjj'" resp.) is determined by 
only E 1 (E 2 resp.) and V 2 is determined by both E 1 and E 2 , i.e. V 2 " contains the 
identified image of the primitive annuli A 1 and A 2 .) Let Di C V7 be the cocore disk 
of the tunnel from the Heegaard splitting of E(Ki). It is obvious that n i?- 5 = 
for j ^ j since each also misses Aj for i = 1, 2. 

Therefore, we get the two weak reducing pairs (Di,E 2 ) and (D 2 ,E 1 ). 

Since the induced Heegaard splitting implies that t(Ki#K 2 ) < 2 and a composite 
knot cannot be of tunnel number one, we get t{K\#K%) = 2, i.e. the induced 
splitting must be unstabilized of genus three. Therefore, the induced Heegaard 



splitting {V\,V 2 ) is critical by Corollary 1.2 □ 



In Proposition 2.1 of 10 , Morimoto proved that a tunnel number one knot K 
is a (1, l)-knot if and only if there is a genus two Heegaard splitting (Vi, V2) in its 
exterior such that there exist a spanning annulus A in V\ and a compressing disk D 
in V2 such that A meets dN(K) in a meridian of K and meets D on d + Vi = d+V% 
in a single point transversely. By using this, we induce the following corollary. 

Corollary 4.4. Let K\ and K% be two (l,l)-knots. We can realize a connected 
sum of K\ and K2 so that there exists a critical Heegaard splitting in its exterior. 

Proof. Let (V{, V£) be a Heegaard splitting of E(Ki) realizing the tunnel number 
of Ki and assume that V{ meets dN(Ki) for i = 1,2. Let A 1 c V{ be the spanning 
annulus from Morimoto's proposition and m l be the meridian A 1 n N(K^) for i — 
1, 2. If we consider a small neighborhood of m l in dN(Ki), then we get a meridional 
annulus A; on dN(Ki) for i = 1, 2. So if we realize the connected sum by identifying 
A\ and i.e. the decomposing annulus A is the identified image of these annuli 
in the exterior of the connected sum, then we can use the arguments finding the 
weak reducing pairs in the proof of Theorem |4.3[ and we get the induced splitting 
is critical. □ 

Note that we can skip Section[3]if we only want to check the existence of a critical 
Heegaard splitting in the exterior since a 2-bridge knot is also a kind of (1, l)-knot. 
But the choice of weak reducing pairs of Section [3] is different from that of Section [4] 
Indeed, the weak reducing pairs in Section 3 consist of only non-separating disks in 
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their compression bodies. But we take separating disks in V2 for the weak reducing 
pairs in Section [4j 

Appendix A. an equivalent condition for a weak reducing pair to be 

DETERMINED UNIQUELY BY A COMPRESSING DISK 

In this section, we will prove the following theorem. 

Theorem A.l. Suppose F is an unstabilized, genus three Heegaard surface in a 
closed, orientable, irreducible 3-manifold. Then either F is the amalgamation of 
two genus 2 Heegaard surfaces over a torus, or every compressing disk for F belongs 
to at most one weak reducing pair. 

First, we introduce the following lemma. 

Lemma A. 2 (Corollary 3.10 of [6]). Let M be an irreducible 3-manifold and H = 
(V, W;F) be an unstabilized genus three Heegaard splitting of M. There are two 
adjacent 2-subsimplices f\ and f% in Vyw such that f\ is a D-face representing the 
1-compatible weak reducing pairs (D, E) and (D, E) and fi is an E-face representing 
the 1-compatible weak reducing pairs {D, E) and (D, E) if and only if the disks D, 
D C V and E, E C W hold the following conditions. 

(1) Four boundary curves of the disks represent different isotopy classes in F . 

(2) One of dD and dD (dE and dE resp.) is separating and the other is 
non-separating in F . 

(3) dD U dD cuts off a pair of pants from F, and so does dEUdE. Moreover, 
both pairs of pants are disjoint in F if the four disks are all disjoint. 

(4) Either (A) the four disks are all disjoint, or (B) we can replace one sepa- 
rating disk among these disks by another separating disk in the same com- 
pression body so that the resulting four disks are all disjoint and satisfying 
the conditions Q), and 

We can imagine a situation as in Figure [9] if there exist four disks satisfying 



the four conditions of Lemma A.2 and they are all disjoint. The thick curves are 
separating and the thin curves are non-separating in F. 

The following lemma guarantees a D-facc and an E-face sharing a weak reducing 
pair when we can choose 1-compatible weak reducing pairs. 
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1-handle 



T x I 



T x I 




1-handle 



Figure 10. If we amalgamate two thick surfaces along a torus, 
then we can hnd a weak reducing pair such that the disks are 
separating. 



Lemma A. 3 (Corollary 4.3 of [5]). Assume M, H , and F as in Lemma 2.10 and 
add the assumption that M is closed. If we can choose 1-compatible weak reducing 
pairs, then T>vw must have a D-face and an E-face such that one shares a weak 
reducing pair with the other. 

Now we consider some equivalent conditions when we can choose only a 0- 
compatible weak reducing pair when M is closed. 



Lemma A. 4 (Corollary 4.4 of [Sj). Assume M, H, and F as in Lemma 2.10 
and add the assumption that M is closed. Then the following three statements are 
equivalent. 

(1) There is no weak reducing pair such that the disks are separating in their 
handlebodies. 

(2) H cannot be represented as an amalgamation of genus two splittings along 
a torus. 

(3) We cannot choose 1- or more compatible weak reducing pairs. 

Now we prove Theorem |A.1| Suppose that F is not an amalgamation of two 
genus 2 surfaces along a torus. If F is strongly irreducible, then we get the con- 
clusion. Assume that F is weakly reducible and consider a weak reducing pair 
(D,E) containing a compressing disk D. If there is another weak reducing pair 
(D,E r ) containing D, then we can choose 1-compatible weak reducing pairs for F 
by Lemma |2.8| But this contradicts Lemma |A.4| Therefore, the weak reducing 
pair (D, E) is the unique one containing the compressing disk D. 

Conversely, suppose that F is an amalgamation of two genus 2 surfaces along a 



there 



torus. Then we can easily choose 1-compatible weak reducing pairs. (In Figure 10 
we can find 1-compatible weak reducing pairs (D,E) and (D,E').) That is 
is a compressing disk contained in two or more weak reducing pairs. 
This completes the proof of Theorem |A.1| 



In the remaining part of this section, we give an interpretation of Theorem |A.1| 
Assume M, H, and F as in Lemma |2.10| and add the assumption that M is 
closed. In the case when we can choose 1-compatible weak reducing pairs, we get 
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a D-face and an E-fac e in T >vw such that one shares a weak reducing pair with 



the other by Corollary A. 3 Moreover, we can take the d isjoint four disks D, D, 



E, and E satisfying the four conditions of Corollary A. 2 That is, we can take a 
weak reducing pair (D,E) which consists of only non-separating disks. Moreover, 
if there is a weak reducing pair (D, E) such that D is separating in V, then we can 
take a non-separating disk D' from the meridian disk of the solid torus V obtained 
by cutting V along D, and we can guarantee D' n E = by Lemma 3.1 of [5J. 
This means that there exist 1-compatible weak reducing pairs (D,E) and (D',E) 
sharing E. Hence, if we cannot choose 1-compatible weak reducing pairs, then 
every weak reducing pair must consists of only non-separating disks. In summary, 
we can choose a weak reducing pair which consists of non-separating disks in any 
case. 

If we untelescope a genus three, unstabilized Heegaard splitting H — (V, W; F) 
of a closed, irreducible 3-manifold by a weak reducing pair (D, E) which consists of 
non-separating disks, then we get the following two cases after getting rid of some 
impossible cases for irreducible manifolds, 

(a) The thin surface is a torus, i.e. 3D U dE does not separates F into several 
pieces. 

(b) The thin surface consists of two tori, i.e. dD U dE cuts F into two twice- 
punctured tori. 



Therefore, Theorem A.l means that either (a) for some compressing disk, we can 
choose two or more weak reducing pairs containing it or (b) for every compressing 
disk, we can choose at most one weak reducing pair containing it. Moreover, this 
also means that a pair of thin tori is uniquely determined up to isotopy by only one 
compressing disk (as well as by the weak reducing pair) in the case (b) (see figure 
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) Note that each of D and E is the 1-handle connecting the neighborhood of two 
tori from the minus boundary of its compression body in the case (b) (consider the 
standard genus three splitting of T 3 and a weak reducing pair of this splitting.) In 
Lemma 6 of [5] , Johnson proved that a weak reducing pair is determined uniquely 
by a compressing disk for the standard genus three splitting of T 3 and Theorem 
|A.l| is the generalization of the Johnson's Lemma. 
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